This paper considers the problem of minimizing a nonlinear objective function subject to a system of bipolar fuzzy relational equations with max-T L composition, where T L is the Lukasiewicz triangular norm. It shows that the feasible domain, i.e., the solution set of a system of bipolar fuzzy relational equations, can be characterized by a system of 0-1 mixed integer inequalities. Therefore, such type of optimization problems can be handled within the framework of 0-1 mixed integer optimization.
Introduction
Kyosev [24] and the surveys by De Baets [1] and Li and Fang [14] .
When a particular solution to a system of max-T equations is desired, the associated optimization problem is of concern. The problem of minimizing a linear objective function subject to a system of max-T equations has been intensively investigated with respect to various composition operations. It turns out that such an optimization problem can be transformed into the set covering problem which is known to be NP-hard. See, e.g., Fang and [8] . The linear fractional optimization constrained by a system of max-T equations was also studied by Wu et al. [29] and Li and Fang [15] with respect to an Archimedean triangular norm.
The problem of minimizing a general nonlinear objective function subject to a system of max-T equations has been tackled by Lu and Fang [22] , Khorram and Hassanzadeh [11] , and Hassanzadeh et al. [9] using the genetic algorithm. It was pointed out by Li et al. [17] that such an optimization problem can be in general reformulated into a 0-1 mixed integer nonlinear optimization problem so that the traditional solving techniques, e.g., the branch and bound method, may apply. However, when the objective function is max-separable and monotone, the associated optimization problem can be solved in polynomial time. See, e.g., Wu [25] , Li and Fang [16] , Zhou and Ahat [30] , and references therein.
Recently, bipolar max-T equations have been considered in literature as a generalization of usual max-T equations. A system of bipolar max-T equations is of the form
where ¬x j is the logical negation of x j , i.e., ¬x j = 1 − x j , j ∈ N . In the matrix form, it can be denoted as
with
is the zero matrix. Therefore, a system of bipolar max-T equations can be viewed as a combination of two systems of max-T equations containing both independent variables and their logical negations.
The system of bipolar max-T M equations and the associated linear optimization problem were first investigated in Freson et al. [4] by characterizing the solution set of each single equation. An alternative reformulation approach was developed by Li and Jin [19] . Besides, the bipolar max-T L equation constrained linear optimization problem was studied by Li and Liu [20] .
In this paper, we aim to tackle the problem of minimizing a nonlinear objective function subject to a system of bipolar max-T L equations, i.e.,
Due to the simultaneous appearance of x and ¬x, it was shown by Li and
Jin [19] and Li and Liu [20] that determining whether
has a solution or not is an NP-complete problem, which implies that the optimization problem under consideration is inevitably NP-hard. Following the ideas of Li and Jin [18, 19] and Li and Liu [20] , we demonstrate that 
Bipolar max-T L equations and their reformulation
In this section, we reveal the critical features of a system of bipolar max-T L equations and develop its equivalent representation.
For a system of bipolar max-
it is said to be inconsistent. Due to the non-interactivity property of the
Moreover, in order to fulfil the equality requirements, there must exist an in-
Consequently, we may first focus on the inequalities of the forms
where
By Lemma 1, the lower and upper bound information of the solutions to Even if bothx andx are the solutions, it does not mean that S(A
It is clear that if S(A
Note that inx andx ifx j =x j for some j ∈ N , the value of x j is fixed in any possible solution. In such a case, the variable x j can be removed in further analysis as well as those equations where either T L (a 
It is clear that Q + records the information of those equations where the equalities hold at the upper boundx. Analogously, the counterpart corresponding tox is offered by the 0-1 matrix
The 
where V = diag(x −x)and e is the vector of all ones.
Proof. If x ∈ S(A
and
respectively. It can be verified that u + + u − ≤ e and V u + +x ≤ x ≤ −V u − +x. Furthermore, because for each i ∈ M , there exists an index
Therefore, it holds that 
Besides, for each i ∈ M there exists an index j i ∈ N such that either q 
) .
The lower and upper bounds of the solutions can be calculated, respectively, asx
Subsequently, the two 0-1 characteristic matrices can be constructed, respectively, as
According to Theorem 1, the system of bipolar max-T L equations under consideration can be reformulated as
, and
For this small size instance, the solution set can be figured out explicitly, which is the union of three interval solutions, i.e.,
S(A
+ , A − , b) = ∪ k=1,2,3 {x ∈ [0, 1] 3 |v k ≤ x ≤v k }, withv 1 =    0.2 0.3 0    ,v 2 =    0.9 0.3 0    ,v 3 =    0.2 0.3 0.8    , v 1 =    0.2 0.3 0.8    ,v 2 =    0.9 0.3 0.8    ,v 3 =    0.9 0.3 0.8    .
Bipolar max-T L equation constrained optimization
Based on the result in Section 2, the bipolar max-T L equation constrained optimization problem
is equivalent to 
Example 2. Consider the system of bipolar max-T L equations in Example 1
with a quadratic objective function
According to Example 1, this instance can be reformulated as 
It can be solved by some nonlinear optimization solver, e.g., CPLEX, that it has an optimal solution In general, the problem of minimizing a quadratic objective function subject to a system of bipolar max-T L equations can be reformulated into a 0-1 mixed integer quadratic optimization problem, which has been intensively investigated in literature and can be practically solved with the aid of some commercial software packages.
Conclusions
Following the ideas in Li and Jin [18, 19] and Li and Liu [20] , it is demonstrated that a system of bipolar max-T L equations can be represented equivalently by a system of 0-1 mixed integer linear inequalities. Consequently, the bipolar max-T L equation constrained optimization problem can be handled within the framework of 0-1 mixed integer optimization.
